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Abstract. We ask for a given system of polynomials /i, . . . , /„ and / over the 
complex numbers C when there exist continuous functions q± , . . . , q n such that 
qifi + . . . + q n fn = /■ This condition defines the continuous closure of an ideal. 
We give inclusion criteria and exclusion results for this closure in terms of the 
algebraically defined axes closure. Conjecturally, continuous and axes closure are 
the same, and we prove this in the monomial case. 
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Introduction 

Let R = C[z\, . . . , z m ] be the polynomial ring over the complex numbers. Every 
polynomial / G R defines a (holomorphic and) continuous function C m — > C. Let 
I = (/i, . . . , f n ) be an ideal and / G I. The containment / G I means that there 
exist polynomials gi, . . . , g n G R such that / = gifi + . . . + g n f n holds. If we 
allow gi, . . . , g n to be holomorphic functions or formal power series, then we cannot 
express additional polynomials as such a linear combination. On the other hand, if 
we allow arbitrary functions C m — > C, then it is easy to see that every polynomial 
inside the radical rad(i) can be expressed in this way. 

In this paper we address the question under which condition we can write / = 
qifi + . . . + q n fn with continuous functions qi : C m — ► C. Putting it another way: 
when does the so-called forcing equation f\Ti + . . . + f n T n = f has a continuous 
solution? For a given ideal, the set of / G R such that there exists a continuous 
solution form an ideal, which we denote by J cont and which we call the continuous 
closure of / (Section 1). For a principal ideal / = (g) we always have / = J cont ; since 
a rational function f/g has a continuous extension to C m only if / is a multiple 
of g in R. The easiest example for / 7^ J cont is given by z 2 w 2 G" (z 3 ,w 3 ), but 
z 2 w 2 G (z 3 ,w 3 ) cont (we will also see that zw G" (z 2 ,w 2 ) cont ). 

Our main question is whether there exists an algebraic description of the contin- 
uous closure. An easier task is to give good algebraically defined approximations. 
For this we introduce the axes closure (Section 4), which is defined in the following 
way: an element / in a commutative ring R belongs to the (if-) axes closure i ax if 
and only if for every ring homomorphism (p : R — ► T, where SpecT is a scheme 
of axes over K, <p(f) belongs to the extended ideal ip(I)T. A scheme of axes over 
K is given by a one dimensional if-algebra of finite type with normal components 
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meeting in one closed point P such that the completion (at the meeting point) is 
isomorphic to k(P)[[xi, . . . ,Xk]]/(xiXj,i ^ j) (Section 3). 

The basic observation is that for such rings over K — C the identity / = J cont 
holds (Lemma 3.5), therefore they serve as a category of testrings. It follows that 
jcont q jax (Corollary 4.7), which implies strong restrictions, since J ax itself is inside 
the weak subintegral closure (see [10], [8]) and in particular inside the integral 
closure of the ideal. For example, zw G" (z 2 , u> 2 ) ax , since restricted to the cross 
given by (z + w)(z — w) = the element does not belong to the extended ideal 
(on the two branches there exist solutions, but they do not fit together), and hence 
zw G" (z 2 ,w 2 ) cont (but zw G (z 2 ,w 2 ), its integral closure). We conjecture that 
jcont _ jax^ anc j we p rove this in the case of a monomial ideal. 

To obtain inclusion results for the continuous closure one has to construct con- 
tinuous functions. Suppose that / = (f\, . . . , f n ) is an ideal primary to the maximal 

ideal (zi, . . . ,z m ) and / G R. In this case we can write / = Y%=i mrffjprj v fi- 

Here rj^r+^Tj p is a continuous function on C m — {0}, and the question is whether 
we can extend this function continuously to the whole C m . This can be done in 
the homogeneous situation under certain degree conditions (Theorem 1.3). We also 
show that / G J cont under the condition that there exist numbers k < d such that 
f k G I d (Theorem 2.3, Corollary 4.4). 

For a monomial ideal / = (z 7 ,7 G T), V C N m , it follows that the monomials 
z T with exponent r in the interior of the convex hull T of T in belong to the 
continuous closure (Theorem 6.1). The same inclusion result holds for the axes 
closure over an arbitrary field (Theorem 5.1). For a monomial z T with exponent 
r G T - T on the border we will show that z T G" J ax (unless z T G /) by reducing to 
the case where / is generated by all monomials of degree d with the exception of one 
monomial z T (Corollary 5.3). These results put together prove for a monomial ideal 
that J cont = J ax is the monomial ideal (z 1 ',7 G Y U Y°)) (Theorem 5.1 and Theorem 
6.1). 

This work started in looking for a test category of rings for the weak subintegral 
closure ([10], [3]) as presented by M. Vitulli at the conference on 'Valuation Theory 
and Integral Closures in Commutative Algebra', Ottawa, Canada, July 2006, so I 
would like to thank the organizers of this conference. I thank T. Gaffney and M. Vi- 
tulli for discussions during the conference and after. Furthermore I thank V. Bavula, 
D. Gepner, M. Hochster, N. Jarvis, A. Kaid, M. Katzman, J. Manoharmayum, R. 
Sanchez and R. Sharp for their interest and helpful remarks. 

I. The continuous closure 

Definition 1.1. Let R be a finitely generated C-algebra, X = Speci? and X(C) 
the corresponding complex space with the complex topology. Let / = (f\, . . . , f n ) 
be an ideal in R and / G R. We say that / G J cont ; the continuous closure of /, if 
there exist continuous functions qi : X(C) — >■ C such that / = qif\ + . . . + q n f n as 
continuous functions on X(C). 
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Another way to think of the continuous closure is to look at the ring homomor- 
phism R — > Cc(X(C)) (which is an inclusion if R is reduced), where we denote by 
Cc{X) the ring of continuous complex-valued functions on a topological space X. 
Then J cont is the contraction of the extension of the ideal /. In particular, J cont does 
not depend on the choice of ideal generators. 

Remark 1.2. It is also sometimes helpful to see the continuous closure in the context 
of forcing algebras. This is the i?-algebra B = R[T X , . . . , T n ]/(/ 1 T 1 + . . . + f n T n + /). 
Set Y = Spec B. Then / G J cont if and only if the natural projection Y(C) — > X(C) 
has a continuous section s : X(C) — > Y(C). This viewpoint allows us immediately 
to extend the notion of continuous closure of an ideal to the continuous closure of an 
i?-submodule N C M inside a finitely generated i?-module M. If R n — >■ R m — > 
M/N — > is a representation, where D = (fij)ij isamx n-matrix with entries in 
R, and s — (s±, . . . , s m ) G R m denotes a representation of s G M, then s G jV cont 
if and only if the matrix equation D{q x , . . . , q n ) 1 = (s 1; . . . , s m )* has a continuous 
solution. However, we will not pursuit this generalization in this paper. Neither will 
we be concerned with the Grothendieck topology which arises by taking morphisms 
of finite type which allow a continuous section as covers (see [2]). 

Our first inclusion result for the continuous closure is given by the following 
theorem. 

Theorem 1.3. Let R be a finitely generated standard- graded C-algebra and X = 
Speci?, X(C) the corresponding complex analytic space. Let I C R be a homo- 
geneous R + -primary ideal with homogeneous ideal generators fi, . . . , f n of degree 
di, . . . , d n . Let f be a homogeneous element of degree d > maxdj. Then there exist 
continuous complex-valued functions qi : X(C) — > C such that f — qifi + ■ ■ ■ + q n fn 
or in other words f G J cont . 

Proof. Since the only common zero of the fi is the vertex (the origin) G X, they 
generate the unit ideal in Cc(X(C) — {0}) (see the following Remark 1.4). So there 
exist continuous functions : X(C) — {0} — >■ C such that f(z) = (p 1 (z)fi(z) + . . . + 
<p n (z)f n (z) for all z G X(C) - {0}. 

Consider a closed homogeneous embedding X C and X(C) C <C k . Set S = 
X(C) n 5 2fe_1 , where S 2 ^ 1 = {z G C k : \z\ = 1} is the real sphere. Note that S is a 
compact closed subset of X(C). We restrict ipi, i — 1, . . . , n, to S to get continuous 
functions <fi : S — > C. The idea is to extend these functions homogeneously to 
X(C) — {0} and to use the degree condition to show that it is even extendable to 
the vertex. 

Let h : X(C) — {0} — > S be the continuous function given by h(z) = z/\z\. Then 
z = \z\h(z). Since we are on a homogeneous affine variety, if z G X(C), then also 
tz G X(C) for t G C (we need it only for t G A homogeneous function / on 

X(C) of degree d has the property that f(tz) = t d f(z) for t G C x . So in particular 
we have f(z) = f(\z\±) = \z\ d f{h{z)) for z + 0. 

Define for z G X(C) — {0} the functions qi(z) = \z\ d ~ dt (pi(h(z)). Since S is 
compact, the continuous functions <fi are bounded on S and since d > di we have 
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lim^i >0 \z\ d di ifi(h(z)) = (in particular, this limit exists). So these functions 

extend to continuous functions on X(C). We get for z ^ the equations 

f(z) = \z\ d f(h(z)) 

= \ Z \ d (MHz))fl(Hz)) + ■■■ + <Pn(h(z))f n (h(z))) 

= \z\ d {\z\ d ^ d qi (z)\z\- d ^\(z) + ... + \z\ d -- d q n (z)\z\- d -f n (z)) 
= qi(z)fi(z) + ... + q n (z)f n (z). 

By continuity, this equation holds also in the vertex. □ 

Remark 1.4. We recall the argument that a family of complex- valued functions 
fi, ...,/„ on a topological space X without common zeros generate the unit ideal in 
Cc(X). With fi also its complex conjugate fi is continuous. Hence g = J2j=ifjfj 
belongs to the ideal / = (/i, . . . , f n )C c (X). Since g = Ej=iTjfj = £?=i \fj\ 2 > 0, 
the set of zeros of this real valued function is the common zero locus of the complex- 
valued functions fi, ■ ■ ■ , f n - So if the fi have no common zero, then g has no zero 
at all and 1/g is a continuous function on X. Hence g is a unit. 

Therefore, in the situation of a primary ideal / = (fi, ■ ■ ■ , f n ) in a standard- 
graded C-algebra R and / G R, X — Speci?, we get on X(C) — {0} the continuous 
coefficient functions 

ffi ffi 

flfl + - + fnfn~ l/l| 2 + --- + l/n| 2 ' 

If the fi are homogeneous of the same degree, then the real-homogeneous extension 
of the restriction to S used in the proof of Theorem 1.3 gives us these functions 
back. In general, if all these y?j have a limit in the origin, then they extend to 
continuous functions on X(C) and hence / G (/i, . . . , /„) cont . So these are natural 
candidates to look at for continuous solutions. However, even if / e (/i, . . . , f n ) cont 
these functions do not always have a continuous extension. For / = (z, w) and f = z 
we get (fi = | 2 | 2 ^j w |2 = | 2 |j^|2 , which does not have a limit in the origin (look at the 
limits for z = and w — 0). The function is however bounded around the origin, 
and in fact one can deduce from a characterization of the integral closure due to 
Teissier that / belongs to the integral closure of fi, ■ ■ ■ , f n if and only if one can 
write / = qifi + . . . + q n f n with locally bounded functions qf, see [1]. 

Corollary 1.5. Let f G C[zi, . . . , z m ] be a homogeneous polynomial of degree d > 1. 
Then there exist continuous functions qi : C rn — ► C such that f = qiz d ~ l + . . . + 

QmZ m ■ 

Proof This follows directly from Theorem 1.3. □ 

Example 1.6. Let / = (z dl , . . . , z^) and / G C[z ± , . . . , z m ] of degree d > maxrfj. 
Then on C m - {0} we write 



2^j=l \ Zj\ 2-< j=\ \ Z j\ 
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So in the proof of Theorem 1.3 we have (pi(z) = ^ m ' 2 d- and accordingly qi(z) = 

ft z \t ~i \di 

\z\ d ~~ di Lpi(A) = \z\ d ~ di I z| ^ . 2d - ■ If the di = e are constant, then this is just 

qdz) = t-^Ii^** 2e . If / = (z e ,w e ) and / = z r w s is a monomial, r,s < e, then 

j=i I z j 

qi{Z,W) - lz[ 2e +H 2e ~ ^pe + ^pe SnQ q 2 {Z,W) - |^e + H ^e ■ 

Remark 1.7. We give an alternative construction for continuous functions in the 
situation mentioned in the last example, so / = (z e ,w e ) C C[z, «;] and / = z r w s 
with r,s < e and r + s > e. 

Consider the projective line = S 2 and denote its complex variable by v, hence 
v G C or v = oo. Consider the function ip{v) = — ^ in a (complex) neighborhood 
of f = oo. It is a continuous function in such a neighborhood (and even an algebraic 
function on P£. — {0}). We can extend it as a continuous function to the whole 
sphere, and denote the resulting function again by ipiv). Note that the function 
v e tp(v ) + v s is also a continuous function on S* 2 . This is true in a neighborhood of 
oo, because the function is even constant = 1 there, by the definition of ip and for 
v 7^ oo it is clear anyway. 

Now we use the substitution v = w/z. We set for (z,w) ^ (0,0) 

in 

q 2 (z,w) = z r+s -^(-). 

z 

As ijj is a bounded (since continuous) function on S 2 and r + s > e this function is 
continuous on C 2 — {0} and extends continuously to C 2 with value at the origin. 
We set 

111 111 HI 

qi (z,w) = -z r+s - e ((-)^(™) + (™y). 

Again, this gives a continuous function on C 2 . We check for z ^ (this we need for 
resolving the bracket) 

z e qi + w e q 2 + z r w s = -z e z r+s - e ((-) e ijj(-) + {-) s ) + w e z r+s - e ^{-) + z r w s 

^ z z z ' z 

in in 

= -z r+s - e w e ^(-) - z r w s + w e z r+s - e i){-) + z r w s 

z z 

= 0. 

For z = we have q 2 (0,w) = 0, again since r + s > e. Hence also under this 
condition the equation holds. 

2. Powers of functions and powers of ideals 

We want to show that f k G I d for k < d implies that / G J cont . For this we first 
prove two lemmas. 

Lemma 2.1. The continuous closure is persistent, that is if if : R — > S is a C- 
algebra homomorphism of finitely generated C-algebras, I is an ideal in R and f G R 
with f G J cont , then also ip(f) G (IS) cont . 
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Proof. Let / = (fi, . . . , f n ). Then the condition means that / = q±fi+. ■ -+q n fn with 
continuous functions % : (SpecR)(C) — > C. Pulling these functions back via the 
continuous mapping <p* : (Spec 5) (C) — > (SpecP)(C) gives (p(f) = (qi l P*) l f(fi) + 
. . . + (q n o <p*)<p{f n ). This shows that <p(f) G (</?(/i), . . . , y?(/„)) cont = (/S) cont . □ 

The following Lemma deals with the generic situation of the proposed question. 

Lemma 2.2. Let k < d and let 

R = C[w,t„, \u\ = d, zi, . . . ,z n }/(w k - tvZ v ) . 

v,\v\=d 

Then w G (z±, . . . , ,2 n ) cont in R. 

Proof. According to Remark 1.4 we look at the functions \ Zi \ 2 + Zi + \ z p defined on 
D(zi, . . . ,z n ) C X(C) (X = SpecP). We want to show that they have limit as 
a point converges to V(zi, . . . , z n ) and hence that they have a continuous extension 
from D(zi,...,z n ) to X(C). The modulus of such a function is j-^p+^j-, p = 
N ^ = _^ y anc j fae second factor is bounded by 1, so we only have 

to deal with the first one. The function , ^ = 77 — — — r, has limit for 

^klP + .-. + l^nl 2 l(*l>-,*n)l 

a sequence P m G D(z±, . . . , z n ) converging to P G V(zi, . . . , z n ) if and only if this 
is true for a (natural) power of it. Hence we replace this function by |(~~ = 

llzT" 1 )\ k ■ ^ e ma y ^° ^ a ^ ^ ne summands separately. Since P m converges, the 

I i/| U"l ... z "n I 

values of tJP m ) are bounded, and so we consider tt — ! — U-nr = rP ^^rV, where 

^ V m/ ' |(zi,.. -,2n)r |(zi,...,2„)l fc ' 



i/! + . . . + v n — d > k. We can write 



|(zi,...,Z„ 



\ Z l I ' ' ' l Z n"l 1^1 1 



= w r 1 . . . ( |Zn| r n 

V f\~ 19, i , I .. 19/ V /| .. 10 , , |_. 10/ ' 



\z ± \ 2 + ...+\z n \ 2 ^\z^+ ...+\z n \" '+...+\z n \ 

where — d — k > 0. As P m — > P, — ► and so this function goes to 0. □ 

Theorem 2.3. Let R be a finitely generated C-algebra, let L be an ideal and f G R. 
Suppose that there exist numbers k < d such that f k G L d . Then f G p ont . 

Proof. Let J = (/i, . . . , f n ) and write the condition as 

i/,\u\=d 

We have a ring homomorphism from the generic situation to this special situation, 
namely 

C[w, t v ,\v\ = d,z 1 ,..., z n ]/(w k - l ^ V ) — > R i /i> ^ 9u, w i-> / . 

u,\u\=d 

Lemma 2.2 shows that w G (^i, . . . , £„) cont in the ring on the left hand side. By the 
persistence of the continuous closure (Lemma 2.1) / G P ont follows. □ 
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Remark 2.4. The condition in Theorem 2.3 can not be weakened. Example 5.5 
below shows that the condition f k G I k for all k > 2 does not imply / G J cont . We 
will show in Corollary 4.4 that under the assumption of Theorem 2.3 the element / 
belongs also to the axes-closure. 

Theorem 2.3 has also a purely topological analog. If X is a topological space 
an / and fi, ■ ■ ■ , f n are continuous complex- valued functions on X such that f k G 
(fi,---,fn) d (hi Cc(X)) for some k < d, then already / G (fi, ■ ■ ■ , f n )- We can 
use an equation f h = J2v,\v\=d9vfi L '''fn™ with g v G Cc{X) to get a continuous 
mapping (/i, . . . , f n , g v , f) : X —> V = V(w k - T,u,\u\=dUz u ) C C*. Since iu G 
. . . , z n )C c (V) by Lemma 2.2, it follows / G (/i, . . . , f n )C c (X). 

3. ^-SCHEMES OF AXES 

We want to control the continuous closure algebraically, in particular we want to 
find exclusion criteria for it. We fix a field K and work in the category of finitely 
generated .fT-algebras. Whenever we talk about the continuous closure we suppose 
that K = C. 

We have immediately the inclusions / C / cont c rad(J). In fact / G rad(J) 
holds if and only if / = gif 1 + . . . + g n f n with arbitrary functions g^. A better 
algebraic approximation is given by the integral closure. One of the equivalent 
characterizations of the integral closure / of an ideal / in a X-algebra R of finite 
type is that for every normal afline curve C = Spec T over K and every .fT-morphism 
tp : C — ► Speci? we have tp(f) G f(I)T [1]. If K = C and / G J cont , then for every 
such curve it follows (by the persistence of the continuous closure, Lemma 2.1) that 
</?(/) G ((f(I)T) cont . But for a normal (=regular) curve always / = J cont holds, since 
/ is locally a principal ideal. 

However, also the inclusion J cont C I is strict. For example, zw G (z 2 , w 2 ), but zw 
does not belong to the continuous closure, as we will see (Corollary 5.3). Also, the 
weak subintegral closure ([10], [8]) is too big, as zw 2 G (z 3 , z 2 w, w 3 ) wm , but again not 
in the continuous closure (Example 5.5). So our goal here is to find a reasonably 
big category of one dimensional K -schemes where the continuous closure is the 
identical closure and which will be later on a test category for exclusion results. 

Definition 3.1. A scheme of axes over K is a one-dimensional reduced afline 
scheme C = SpecT of finite type such that its integral components are normal, 
meet transversally in one point P (the origin) and that the embedding dimension 
at P equals the number of components. We call T a ring of axes. 

Remark 3.2. An equivalent characterization is that the completion of the local ring 
at the origin P is isomorphic to n(P) [[xi, . . . , Xk]]/(xiXj,i ^ j). A scheme of axes is 
a seminormal one-dimensional scheme and every seminormal one-dimensional local 
scheme of finite type over an algebraically closed field looks after completion like 
this (J. Tong called these singularities in a talk in Miinster, June 2006, 'singularities 
of coordinate axe type'; for the notion of seminormal rings see [6], [7], [3]). The 
easiest example is given by the standard scheme of axes K[x±, . . . , x^]/ (xiXj,i ^ j). 
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The rings K[x ) y]/(xy(x + y)) and K[x,y]/(y(y + x 2 )) do not give scheme of axes, 
though their components are smooth and though they give for K = C topologically 
a space of axes. 

The property of being a scheme of axes depends on the field K. The ring 
T = M.[z,w]/(z 2 + w 2 ) is seminormal, its normalization is C[z] (with a non-trivial 
extension of residue class fields) . As Spec T is integral with one non-normal compo- 
nent, it is not a scheme of axes. The tensoration T® K C = C[z, w]/((z + iw)(z — iw)) 
is however a ring of axes. If T is a i^-algebra such that T ®k K is a ring of axes, 
then there exist also a finite extension K C L C K such that T ®x L is a ring of 
axes over L and hence over if. 

If Cj are smooth affine curves over K with fixed if-points Pj G Cj, j = 1, . . . , k, 
then 

C = {(z 1: . . . , z k ) G Ci x . . . x C fe : 3j such that = for all i 7^ j} 

is a scheme of axes with origin P = Pi x . . . x P k and components Cj = P\ x . . . x 
Pj_i x x x . . . x P k . 

Let C = SpecT be a scheme of axes with axes (integral components) Lj, j = 
1, . . . , k. After localizing at P, each Lj is the spectrum of a discrete valuation 
domain. In particular, for every j there exists a valuation vaL; on T, which assigns 
to / £ T the order valj(/) = vaL,'(/|Lj) (which is 00 if = 0). For an ideal / 
we set fij = valj(J) = minjval^/) : f E I}. We describe the ideals in a complete 
scheme of axes. 

Lemma 3.3. Let K be a field and let T = K[[x\, . . . , Xk]]/{xiXj, i ^ j) or T = 
C{{xx, . . . ,x k }}/{xiXj,i ^ j), the ring of convergent power series (convergent in 
some open complex neighborhood of the origin). Let I C T be an ideal. Let fij 
be the order (possibly 00) of the ideal on the jth axis given by Xi = for i ^ j. Then 
(xj 3+1 ) C I for the indices j such that [i j is finite. Moreover, the ideal I has after 
reindexing a system of generators of the form 

fi = xi i % + ^i.n+l^n+l 1 + • • • + Xi/Xp 1 , % — 1, . . . , U . 

Here Ajj G K and Xj, 1 < j < t, correspond to the components where /ij is finite. 

Proof. The statement is true for I = (1), so assume that / 7^ (1). Every non unit 
/ G T can be written as f — Y^,j=i x fGj(xj), where 8j = valj(f) > 1 for f\ L . ^ 
and where Gj = or Gj is a (convergent) power series in Xj with non zero constant 
term (and a unit in T). If the order of I on the jth component is fij < 00, then 
there exists an element / G / with a^-exponent Sj = jij. Then Xjf = x^ +1 Gj(xj), 
and so Xj J+1 G /. 

Assume after reindexing that the variables xi, . . . , xe occur with finite order in / 
(so the other variables do not occur at all). We look at a system of generators for I 
which encompasses the Xj J+1 , j = 1, . . . , t. Then the other generators can be written 
as 9 — Yj]=i Xj(g)Xj J with coefficients \j(g) G K. Applying Gauss elimination and 
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reindexing gives a generating system as stated, where also the x^ +1 are not necessary 
anymore. □ 

Corollary 3.4. Let T = (K[xi, . . . , Xk]/ (xiXj,i 7^ j))( Xl ,...,x k ) or its completion T = 
K[[xi, . . . ,Xk]]/(xiXj,i 7^ j) and let I be an ideal, f G T. Let valj be the valuation 
on the jth axes given by X{ = 0,i ^ j . If Sj = valj(f) > (J,j(I) = (J,j for all j, then 

fel. 

Proof. We only deal with the complete case. By Lemma 3.3, Xj 3+1 G I. We can 
write / = x 5 iGi + . . . + x s k k Gk, where Gj G T. The condition means that Sj > fXj, 
hence / G (x? 1 +1 , . . . , x% k+1 ) C I. □ 

We want to show now that for K = C the continuous closure on a scheme of axes 
is the identical closure operation. 

Lemma 3.5. Let T = C{{xi, . . . , x k }}/(xiXj, i ^ j). Let I = (f 1: ...,/„) and f G T 
be given. Suppose that there exists a complex open neighborhood U of the origin 
where f and f\ converge and that there exist continuous complex-valued functions 
qi, . . . , q n defined on U such that f = q\f\ + . . . + q n f n (as continuous functions on 
U). Then f G (/i, . . . , /„) holds in T . 

Proof. Let I ^ (1) and let \Xj be the order of the ideal along the axis Lj. As explained 
in Lemma 3.3, there is a system of ideal generators looking like 

fi = x t % + \,n+l x n+l + • • • + \,£Xp e , % — 1, . . . , n . 

By the condition of continuity restricted to the axis Lj separately it follows that 
valj(/) > fj,j. Hence we can write (after subtracting elements in I) f — j3 n+ iXn^i + 
. . . + Pex^ £ + p(x e+ i, . . . , Xk). Assume now that the continuous functions qj do their 
job, i.e. Y^j=iQjfj — f ■ It follows immediately that p(x£ + ±, . . . ,x k ) = 0. Then on 
the axis Lj, j < n (given by Xi = for i ^ j), we get the condition 

n 

J2( ( ii\L J )(fi\L ] ) = feU^f = f\L 3 =0. 
i=l 

It follows that qj = on Lj first outside the origin but by continuity also at the 
origin. So (&(0) = for alH = 1, . . . , n. 

Assume now that f ^ I and that f3j ^ 0, j > n+1. Then on Lj we get the equation 
Yli^ililL^KjXj 1 = (3jXj J and so S"=i(%kj)^,j = Pj- This gives a contradiction at 
the origin. Hence f3j = for j > n and so in fact / = 0. □ 

Corollary 3.6. Let C = SpecT be a scheme of axes over C, I C T an ideal. Then 

jcont _ j 

Proof. Let / G T and / G J cont . Then we have to check that / G IOq for every point 
Q G C. For Q 7^ P this is the (easier) case of just one axis, so we may assume that 
Q = P is the origin. In a small neighborhood of P, C is isomorphic as a complex 
space to an open (ball) neighborhood of the origin of the (standard) scheme of axes 
D in C fc . This is also a homeomorphism, so we may assume that / = (f±, . . . , f n ) 
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and that /, /j are holomorphic functions defined on D r = {z G -D : |z| < r}. By 
assumption there exist continuous functions g« such that / = q± f i + .. . + q n f n on D r . 
By Lemma 3.5 this means that / G (/i, . . . , /„)C{{xi, . . . , i ^ j). Hence 

also / G (/i, . . . , /„)C[[xi, . . . , Xfc]]/ (xiXj,i 7^ j). This implies by faithful flatness of 
the completion that / G iTp. □ 



4. The axes closure 

Definition 4.1. Let / be an ideal in a commutative ring R, f E R. We say that / 
belongs to the (K-) axes closure, f G I s * if for every ring homomorphism ip : R — > T, 
where T is a iCscheme of axes, we have </?(/) G <p(I)T. 

Remark 4.2. We will mainly be interested in the (K)-axes closure for ideals in the 
category of finitely generated iCalgebras. If the base field is understood we will just 
talk about the axes closure. Some of the results are independent of the base field, 
but we will not treat this systematically. 

The (K)-axes closure of an ideal in a finitely generated iCalgebra is inside the 
integral closure. The integral closure can be tested by homomorphisms to discrete 
valuation domains, but in the case of a iCalgebra R of finite type also by only 
looking at morphisms from affine normal iCcurves to Spec R. Every such curve is a 
scheme of (one) axes. In [3] we show that the weak subintegral closure as introduced 
by Leahy and Vitulli in [10] can be tested by morphisms of scheme of axes with only 
two components (crosses). Hence also J ax C J WS1 . 

Corollary 4.3. Let R be a commutative ring, I C R an ideal and f G R. Suppose 
that for every discrete valuation domain (V, v) and every ring homomorphism if : 
R — > V we have u(ip(f)) > i/(ip(I)). Then f G J ax (independent of any K). 

Proof. This follows directly from Corollary 3.4 and the definition of the axes closure. 

□ 

We can deduce the axes version of Theorem 2.3. 

Corollary 4.4. Let R be a commutative ring, I C R an ideal and f G R. Suppose 
that f k G I d for some k < d. Then f G J ax . 

Proof. We want to apply Corollary 4.3 and look at ip : R — > V to a discrete valuation 
domain. The containment (f(f) k G ((f(I)) d implies the relationship kv(ip(f)) > 
dv{tp(I)). This gives u((p(f)) > v{tp(I)) for all valuations v. □ 

We provide two further propositions which we will use in the computation of the 
axes closure of a monomial ideal. 

Proposition 4.5. Let K be an algebraically closed field. Suppose that R is a com- 
mutative ring and that f G J ax . Then <p(f) G <p(I)T holds also for every ring 
homomorphism to a seminormal one dimensional affine ring over K . 
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Proof. We may assume immediately that D = SpecP is an affine seminormal one 
dimensional scheme of finite type over K, and we have to show that f & I under the 
condition that this is true for every morphism C — > D, where C is a i^-scheme of 
axes. Since the containment / G / is a local property we may assume that D has only 
one singular point. We know that the completion at the singular point of D looks 
like the completion of a ring of axes. Let Di, . . . , D rn be the integral components 
of D (which are seminormal, but not normal in general), and let Ci, . . . , C m be the 
normalizations. On each Cj, let Pjj, j G J«, be the closed points mapping to the 
origin p G Di. Then the family of pointed curves pj G Cj, j G Jj, « = 1, . . . , to, 
glue together in the sense of Remark 3.2 to get a scheme of axes over K, say C and 
a morphism C — > D. This morphism is in the completion at the singular point an 
isomorphism. □ 

Lemma 4.6. Let K be an algebraically closed field and let 9 : R — > S be a finite 
and pure (e.g. faithfully flat) homomorphism of K- algebras. Let L C R be an ideal 
and f G R. Suppose that 9(f) G (0(J)S') ax . Then already f G J ax . 

Proof. We may assume immediately that R = T is a ring of axes over K. Then S 
is also a one dimensional if-algebra of finite type, let S sn be its seminormalization. 
Since / G (IS) 3 * (we denote the image of / in S and in S^ 11 again by /), we 
know by Proposition 4.5 that / G LS sn . The morphism Spec S sn — ► Spec S is a 
homeomorphism. By the geometric criterion [3] for purety for schemes over schemes 
of axes it follows that also T — > S sn is pure. Hence / G / in T. □ 

In the case K = C we can easily establish the relation between axes closure and 
continuous closure. 

Corollary 4.7. Let R be a C-algebra of finite type. Then L cont C J ax . 

Proof. Let / G J cont and let tp : R — > T be a homomorphism to a C-algebra of 
axes. By the persistence of the continuous closure we have (p(f) G ((p(L)T) cont . By 
Corollary 3.6 it follows that </?(/) G y?(/)T, hence / G J ax . □ 

Question 4.8. Is for C-algebras of finite type the continuous closure the same as 
the axes closure? Is this true for the polynomial ring? A purely topological version 
of this question is whether a continuous mapping Y — > X admits a continuous 
section under the condition that for every continuous mapping ip : C — > X there 
exists a lifting if) : C — >Y, where C is a space consisting of a finite number of lines 
(or planes) meeting in one point. Minimal topological requirements to make this a 
reasonable question are that X and Y are locally compact with only finitely many 
components. 

5. The axes closure of a monomial ideal 

We want to show that for a monomial ideal Question 4.8 has a positive answer by 
computing explicitly how its axes closure and continuous closure look like. Recall 
that for a monomial ideal / = (zj, . . . , z%) in K[zi, . . . , z m ] it is helpful to consider 
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the set of exponents r = {7 : z 1 G 1} as a set of integral points T C N m C WL™. For 
example, the integral closure of a monomial ideal is given by the monomial ideal 
consisting of z 1 such that 7 lies in the convex hull T of T inside M.™ [4, Exercise 
4.23]. Also, the weak subintegral closure of a monomial ideal has a combinatorial 
description in terms of the exponents [8, Proposition 3.3 and Theorem 4.11]. 

Theorem 5.1. Let R — K[z±, . . . , z m ] be a polynomial ring and let I be a primary 
monomial ideal. Then J ax consists of I and of the monomials in the interior of the 
convex hull T, where T = {7 : z 1 G /} is the corresponding set of exponents. 

Proof. Suppose that a monomial is in the interior Y° of the complex hull. Then for 
every discrete valuation the monomial has bigger order than the ideal (one can also 
show that the situation of Corollary 4.4 is fulfilled), so by Corollary 4.3 it belongs 
to J ax . 

So let / be a polynomial consisting of monomials which lie on the border and do 
not belong to the ideal itself. We may assume by Remark 3.2 that K is algebraically 
closed. We can enlarge the ideal by adding all monomials which are in the support 
of this polynomial except one. Hence in particular we may assume that / is a 
monomial, / = z T , t e T - T , T G" T. Suppose that the exponent r lies on 

the affine hyperplane (forming a border of T) spanned by the exponents 71, ... , j m , 

s 

7j G T. A suitable finite transformation Zj 1— > zf maps the monomials z 71 , . . . , z lm to 
monomials of constant degree d. All other monomials in V are mapped to monomials 
of degree > d. By Lemma 4.6, the axes closure is not changed by such a finite free 
extension. 

Hence we may assume by filling up the ideal that the ideal is given by all mono- 
mials of fixed degree d with the exception of one monomial. Then Corollary 5.3 
gives the result. □ 

Proposition 5.2. Let K be a field, R = K[zi, . . . ,z m ], d G N. Let I C R be an 

ideal generated by polynomials fi, ■ ■ ■ , f n of degree d and let f be another polynomial 
of degree d. Then f G J ax if and only if f G /. 

Proof. We may immediately assume that K is an infinite field. According to Lemma 
5.4, let S be a set of k points in K m with the property that every polynomial of degree 
< d which vanishes on S must be the zero polynomial. Let the k points Pj have 
coordinates aj = (071, . . . , aij m ), j — 1, . . . , k. We consider the ring homomorphism 

if : K[z x , ...,z m ] — > K[x u . . .,x k ]/(xiXj,i ^ j) 

given by 

Z r I >■ a lr Xi + • • • + CtkrXk ■ 

A polynomial g of degree d is sent to ip(g) = g(ai)xf+ . . . +g(aik)xf, where g(otj) = 
g(aji, . . . , a jm ). Hence tp(f) e (tp(fi), • • • , v(/n)) if and only if there exist a G K, 
i = l,...,n, such that (p(f) = Y^i=i c if{fi) , an d this means by looking at each 
component (each coefficient of xj) that /(%■) = J27=i c ifi( a j) f° r ^ points aj, 
j — 1, . . . , k. This means by the choice of ctj that / = Yn=i Cifi- D 
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Corollary 5.3. Let K be a field, R = K[z\, . . . , z m ], d G N. Let L C R be a 

monomial ideal generated by all monomials of degree d with the exception of z T = 
z T i ■ ■ ■ z T ™, Ef=i Tj = d. Then z T G" L ax . 

Proof. This is a special case of Proposition 5.2 □ 

Lemma 5.4. Let K be an infinite field, let d,m e N. Then there exist k points in 
K m such that every polynomial of degree < d which vanishes at all these points is 
the zero polynomial. 

Proof. This can be proved by induction over m, see [9, Satz 54.7]. □ 

Example 5.5. Even for monomial ideals in a two-dimensional polynomial ring the 
axes closure (and the continuous closure) is smaller than the weak subintegral clo- 
sure. The easiest example is the ideal I = (z 3 , z 2 w, w 3 ) C R — K[z, w] and / = zw 2 . 
Then by [8, Proposition 3.3 and Example 4.12] we have zw 2 G J WS1 . We have directly 
(zw 2 ) k G L k for k > 2. Consider according to Proposition 5.2 the homomorphism 
R—*T = K[x 1 ,x 2 ,x 3 ,X4}/(x i x j ,i ^ j) given by (char (if) ^ 2) 

z I— > g = Xi + x 2 + x± and w i— > h = x 1 + x 3 + 2x4 . 

Then in T we have 

g 3 = x\ + x\ + £4, g 2 h = x\ + 1x\, h 3 = x\ + x\ + %x\ 

and gh 2 = x\+Ax\. Looking at the coefficients we see that gh 2 is not in the extended 
ideal (g 3 ,g 2 h, h 3 ). Hence zw 2 G" J ax . It follows also for K = C that zw 2 G" J cont . 

6. The continuous closure of a monomial ideal 

We can now put the previous results together and compute the continuous closure 
of a monomial ideal. 

Theorem 6.1. Let R = C[z±, . . . , z m ] and L C R be a primary monomial ideal 
given by the monomials z 1 , 7 G V . Then L cont = J ax ; and this is the monomial ideal 
given by the monomials in L and the monomials with exponents in the interior of 
the convex hull YofYin R™. 

Proof. We have shown in Corollary 4.7 that J cont C J ax and in Theorem 5.1 that J ax 
has this description. So we only have to show that the monomials with exponent 
in the interior V are inside the continuous closure. If z T is inside the interior, then 
there exist monomials z 11 , . . . ,z lm G / such that the exponent r lies "above" the 
affine hyperplane spanned by the exponents 71, ...,7 m of these monomials. Let 
7» = There exist positive numbers S±, . . . , 8 m G N such that YljLi ^jCtj — d G N 
if and only if a = (cei, . . . ,a m ) belongs to the affine hyperplane spanned by the 
monomials. In particular, J2JLi$jli,j — d for % = l,...,m and Y^JLi^jTij > d. 
Applying the ring homomorphism Zj 1— > Zj 3 brings our situation to an equivalent 
situation (by Lemma 6.2) where the generating monomials have the same degree d 
and the monomial in question has strictly bigger degree. Hence by Theorem 1.3 it 
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belongs to the continuous closure of the ideal (or one can show after this step that 
(z T ) k el d , k< d, and then apply Theorem 2.3). □ 

Lemma 6.2. Let cp : C m — > C m be given by (z 1: . . . , z m ) — > {z{\ . . . , z 5 ™). Let 
I = (/i, . . . , f n ) be an ideal in the ring S = Cc(C m ) of continuous complex-valued 
functions on C m . Then for f G S we have f G / if and only if f o ip G (I o ip)S. 

Proof. The ring extension S C S given by / i— > / o is a direct summand exactly as 
in the case of a polynomial ring because of the existence of the trace map. The Galois 
group G — 7,/SiX . . .xZ/(5 m acts on C m (and on S) with quotient C m (and invariant 
ring S). An element q E S yields the invariant element J2^eGQCj where (q£)(z) = 
> • • • > £m^n)- Applying this to an equation f o<p = q 1 (f 1 o<p) + . . . + q n (f n o<p) 
gives a similar equation for / and f±, . . . , f n . □ 

Example 6.3. The ideal / = (z 2 ,w 5 ) in C[z,ty] and / = zw 3 gives an example 
where / does not fulfill the degree assumption of Theorem 1.3, but it is due to 
Theorem 6.1 in the continuous closure anyway. 

Question 6.4. Is it possible to give an effective criterion for / e (f\,..., /„) cont (in 
a polynomial ring)? Is, if the ideal generators form a Grobner basis, the containment 
inside the continuous closure just a question of whether the initial term of / belongs 
(in an inductive sense) to the continuous closure of the initial ideal. 

Question 6.5. Is the tight closure of an ideal always inside the continuous closure? 
This is for normal C-domains of finite type a reasonable question. The continuous 
closure is often bigger, as already the regular case shows. In the homogeneous 
parameter case / = (f\, . . . , f n ) in dimension > 2, we have by the Theorem of Hara 
[5, Theorem 6.1] that / e I* implies (if f <£ I) deg(/) > £"=1 deg(/j) and so in 
particular deg(/) > deg(/j) for all j, hence / G J cont . 

There is no inclusion between the continuous closure and the regular closure. It 
is known that z G (x, y) reg in R = K[x,y, z]/(z 3 — x 3 — y 3 ). However, R/(x, (y — 
z)(y — (3Z)) = K[y, z]/(y — z)(y — (^z) is a ring of two axes, but z is not a multiple 
of y in this ring. 

Remark 6.6. The results of this paper hold probably also if we replace C C (X) by 
Cg°(X), the ring of smooth functions i.e. functions which are differentiable in the 
real sense of arbitrary order. However, modifications are needed as the continuous 
solutions in Theorem 1.3 and Theorem 2.3 are not smooth. The functions used in 
Remark 1.7 can be easily replaced by smooth functions. 
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